








Division A Round Five Team Test
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Facts: A generating function is a way of encoding a sequence of numbers into an algebraic

expression. If {ao, a1, az,...} is our given sequence of real numbers then the corresponding

generating function is f(t) = ao + a1t + ast®> + ---. On this team test it is enough to

understand the following simple example. We will compute the generating function for the

sequence {1,1,1,1,...}; by definition it is f(¢) = 1+t + 2+ t3 + ---. This infinite sum is

a convergent geometric series (when [t| < 1) with first term 1 and common ratio ¢, yielding
1

the closed form expression f(t) = 7.

W

Y
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Setup: An equation such as 2x+ 3y = 17 has only a finite number of solutions if we require
both z and y to be nonnegative integers. In this example there are exactly three solutions.
One of them is x = 1 and y = 5 which we can also state as (x,y) = (1,5). Using this
notation the other solutions are (4,3) and (7,1).

Consider the following equations for some given integer k > 1.

r+3y=2k—-1, 3x+5y=2k-3, ..., (2k—Dx+2k+1y=1.

Each equation has a certain number of solutions in nonnegative integers (x,y) as illustrated
above. Note that we are examining each equation separately; these are not simultaneous
equations. In this team test we will prove that the total number of solutions, obtained by
adding up the number of solutions for each individual equation, is exactly k.

AN

Problems:

Part i: Write out the seven equations for k = 7. Compute by hand the total number of
solutions and verify the claim made in the setup section.

Part ii: Argue that the number of solutions to the equation x + 3y = 2k — 1 is the same
as the coefficient of t?*~! in the product (1 +¢ +#2+t3+ - )1 + 3+t +°+---).
Part iii: Show that for a given k the total number of solutions to all the equations listed
in the setup section is the same as the coefficient of ¢2*~! in the generating function

first term

(Ut )AL+ )+ + 4 )+ ) H A+ 4 )T+ T4 ) 4
first two terms

Part iv: We will now find a closed forgn ex;z)reQSSion for the sum displayed above. Show
that the sum of the first n terms is (= 5wy
Part v: As n approaches infinity the partial sums found in the previous part converge to

the quantity m Since we have merely rewritten the sum obtained in part iii the
total number of solutions is still the coefficient of t**~!. By expanding 1/(1 — t) and
1/(1 —t?) in geometric series show that this coefficient is equal to k, completing the proof.
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<
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Facts: A generating function is a way of encoding a sequence of numbers into an algebraic

expression. If {ag,a1,az,...} is our given sequence of real numbers then the corresponding

generating function is f(t) = ag + ait + ast? + ---. On this team test it is enough to

understand the following simple example. We will compute the generating function for the

sequence {1,1,1,1,...}; by definition it is f(t) =1+t +#>+ ¢+ --.. This infinite sum is

a convergent geometric series (when |t| < 1) with first term 1 and common ratio ¢, yielding
1

the closed form expression f(t) = 1.

Y
A

Setup: An equation such as 2z + 3y = 17 has only a finite number of solutions if we require
both x and y to be nonnegative integers. In this example there are exactly three solutions.
One of them is * = 1 and y = 5 which we can also state as (z,y) = (1,5). Using this
notation the other solutions are (4,3) and (7,1).

Consider the following equations for some given integer k£ > 1.

r+3y=2k—-1, 3z+5y=2k-3, ..., (2k—-1Dz+2k+1y=1.

Each equation has a certain number of solutions in nonnegative integers (z,y) as illustrated
above. Note that we are examining each equation separately; these are not simultaneous
equations. In this team test we will prove that the total number of solutions, obtained by
adding up the number of solutions for each individual equation, is exactly k.

Y
A

Problems:

Part i: Write out the seven equations for k = 7. Compute by hand the total number of
solutions and verify the claim made in the setup section.

Part ii: Argue that the number of solutions to the equation = + 3y = 13 is the same as
the coefficient of ¢! in the product (1 + ¢+t + 3+ - )1 + 3+t +¢° +-..).

Part iii: Show that for k£ = 7 the total number of solutions to all the equations listed in
the setup section is the same as the coefficient of ¢** in the generating function

first term

A

(T+t+--)A+24+ )+ +2 4+ )A+E+ )+ A+ P+ )A+tT 4+ )+
first tv;g terms

Explain why these two numbers must be equal rather than just calculating both of them.

Part iv: The sum of the first n terms of the above series is % Verify this

formula for n = 1 and n = 2. You will need the formula for an infinite geometric series.

Part v: The partial sums above converge to the quantity m Therefore we have a

closed form expression for the sum in part iii. Expand 1/(1 —t) and 1/(1 — t?) in
geometric series and show that the coefficient of ¢!3 in the product is k = 7 as desired.
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Divisions A and B Round One Team Test November 1994

A—Part 1 B—Parts iii,iv: The diagram which appeared on the team test is reproduced
below in various guises for your viewing pleasure. Depending upon where R is chosen on AB
point M will either lie to the right, left, or coincide with point R. In the following proofs we
will assume that M is to the right of R as pictured; all the results are valid and the proofs
similar in the other cases. c

We will prove that APQM is equilateral by showing that
PM = QM = P(Q. Consider triangles MAQ, PBM, and QCP.
For convenience we write AR = a and RB = b. By the given,
MB = AR = a, thus AM = b since AB = a + b. From the various
equilateral triangles we also find that AQ = a and PB = b. Because = ,
AB = AC = BC = a + b we deduce that QC = b and CP = a. R M
Fach of the vertex angles of AABC measures 60°. In summary, each of triangles M AQ),
PBM, and QCP has one side of length a, one side of length b, and an included angle of 60°.
Hence all three triangles are congruent, so PM = QM = PQ as desired.

Since APQM is equilateral, ZPMQ = 60°. But ZPRQ = 60° as well since both ZQRA
and £ PRB measure 60°, and these three angles together sum to 180°. Since R and M lie on
the same side of PQ, PMRQ is a cyclic quadrilateral by the theorem in the facts section.

A—Part ii B—Part v: Here is an elegant proof using rotations. Let O be the midpoint
of QP. The abundance of 60° angles shows that CPRQ and NPMQ are parallelograms:
each of these quadrilaterals has two 60° angles and two 120° angles. Since the diagonals of
a parallelogram bisect one another O must also the midpoint of CR and NM. Therefore a
180° rotation about O (also known as a half turn with center O) carries R to C' and M to N
and hence maps RM to CN. This half turn demonstrates that CN = RM since rotations
preserve length, and also shows that lines C'N and RM differ by a 180° angle, that is, are
parallel.

One can also attack this problem directly with the basic tools of plane geometry. The
overall strategy will be to prove that APCN = AQRM. We first note that PQN
and PQM are equilateral triangles with the common side PQ. Hence all the edges
of these two triangles are congruent; in particular PN = QM. We saw above that

N C CP = AQ, -nd AQ = AR since AAQR is equilateral; thus CP =
QR. Clearly QR | CB, so ZCPQ = /RQP. Both of the angles
LN PQ and £ZMQ P measure 60°, so we can subtract them from our

N
a 4‘ previous pair of equal angles yielding ZCPN = £RQM. By side-
A R M B

B

angle-side we conclude that APCN = AQRM. Hence CN = RM,
finishing the first part of the problem. We then simply observe that
LNCP = £/MR@ = 120° while ZPBM = 60° to conclude that
CN || RM since the adjacent interior angles formed by the transversal CB sum to 180°.
A—Part iii B—Parts i,ii: Since AARQ is equilateral we know that RA = RQ and
/ARQ = 60°. Therefore a 60° counterclockwise rotation about R carries @ to A. By the
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same reasoning this rotation carries B to P. Hence the rotation maps BQ to PA, proving
that BQ = PA. Using the fact that triangles PBR and PQN are both equilateral we can
apply the same argument as above to show that a 60°clockwise rotation maps @ to N and
B to R, thus taking @B to NR. Therefore QB = NR, and combining this equality with
the previous one we have shown that AP = BQ = NR.

A-Parts iv,v: We have seen above that ZPR() = 60°. Since the angles in a triangle
sum to 180° we find that ZPQR + ZQ PR = 120°. Since both of these angles have positive
measure, each of them must be less than 120°. This means that we can apply the statement
in the facts section which says that a point F' exists in the interior of triangle PQR with
/PFQ = /QFR = /RFP = 120°.

Since F' is in the interior of APQR we know that F' and A lie on opposite sides of (Q—I%)
We also know that ZQF R = 120° and that ZQAR = 60°, so these angles are supplementary.
Applying the theorem in the facts section we conclude that @, A, R, and F all lie on a single
circle; in other words F' lies on the circumcircle of AARQ). Precisely the same argument
shows that F' also lies on the circumcircles of triangles BPR and QPN.

And now for the exciting climax of the A team test: proving that the lines AP, BQ),
and N R are concurrent at the Fermat point of triangle PQR. In previous years we have
used Ceva’s theorem as our main tool for proving concurrency of lines; on this test we will
use another strategy — guessing the point at which all three lines meet and then proving
that this point indeed lies on all three lines. Our guess in this case is the Fermat point of
APQR; showing that it lies on the appropriate lines turns out to be very little work given
our preparations in the first four parts.

Since AQF R is a cyclic quadrilateral we deduce that ZAFR = ZAQR = 60°. We already
know that ZPRF = 120°, so ZAFP = 180°. In other words ZAFP is a straight angle, so
F lies on AP as we wanted. In the same manner F lies on BQ and RN as well, which
completes the proof that AP, BQ, and RN are concurrent at F.

) - (=

Divisions A and B Round Two Team Test December 1994

A—Part i, B—Parts i,ii: Verifying the formula given for F;, for small values of n is a
logical way to become accustomed to working with this definition involving r and s. It is
also good practice in avoiding careless mistakes! The computation for n = 1 is trivial. A
shortcut allows us to handily polish off the case n = 2. Using 7+s = 1 we find (r?—s?)/y/5 =
((r—s)/V5)(r+s)=F-1=1= F,, as desired. Or we can use the binomial expansion to
directly calculate F3 as
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— Lf[l+3\/_+3 \/_)2 (\/53)—(1—3\/5+3(\/5)2—(‘/5)3)]
= L[6V5+2(5V5)] =

s\

Let us verify that Fibonacci numbers provide solutions for small values of n. Whenn =1,
we have a = 1, b =2, and ¢ = 5, in whichcase ab—1 =1 = 1% ac— 1 = 4 = 22, and
bc—1 =9 = 3% So far so good. We next try n = 2, so that a = 2, b = 5, and ¢ = 13.
We find that ab—1=9 =32 ac—1 =25 = 5% and bc — 1 = 64 = 82, In every case we
obtained the square of a Fibonacci number. These observations lead us to conjecture that
Fon1Fony1 — 1 = F2, and that Fo,_Fony3 — 1 = an+1 for all n > 1. Establishing these
identities would complete the problem.

The formula F, = (r" — s™)/+/5 given in the facts section reduces the proofs of these
identities to a computation. The steps are shown below. Notice that r2 4+ s = (r + 5)? —
2(rs) = (1)2 — 2(~1) = 3.

F2n—1F2n+1—1 - F22n

(T.Zn-l _ 82n—1> (T2n+1 _ s2n+l> L (T,Zn o s2n>2
3 V5 B V5

Yo¥ = () M + %) + s —5) = 1
"= (-1)B)+s™-5) = %
1t — 24 ') :

The five equations above are all equivalent. Since the last equation is clearly an identity,
the first one is also. To prove that Fon_1Fonys — 1 = F2,.; we will need the fact that
4+ st = (r? + %)% — 2(rs)? = (3)2 — 2(=1)? = 7. Otherwise the steps are practically
identical to those above' the reader is invited to perform the calculation as an exercise

.....

sense to prove the statements by induction. We quickly find that the base cases work for
both claims: 12 = 2(0)2+1, 32 =2(2)2+1,and 3-1 =3 = 2(2-0) + 3. It turns out that each
of these statements depends on the other, but a neat double induction takes care of both
claims at once. So we assume that y2 = 222 + 1 and yYn_1 = 22,&n_1 + 3 for all n < k and
start experimenting. We find that

Vo1 = (6yc — Y1)’

36y — 12UYk—1 + Vi1

36(2x; + 1) — 12(2zpark_q +3) + 222, + 1
2(36x; — 1223251 +72_;) + 1

26z — Tr_1)? + 1

27,1 + 1.

This takes care of the first claim. Emboldened by our initial success we now compute



106

YkriUk = (6Yk — Yr—1)Uk
= 6Yp — Yklk-1
6(222 + 1) — (2zxr_1 + 3)
= 2x3(6xr — Tp_1) +3

= 2xk+1xk + 3.

This completes the induction.

If a = 1 and b = 2 then our system of equations is reduced to 2 — 1 = z%, c— 1 = 2, and
2c — 1 = z2. Clearly we will choose z = 1. Combining the last two equations by eliminating
¢ we wind up with 22 = 2y? + 1, which pleasantly reminds us of all the work we had to do
in the previous part. Therefore we choose y = z,, and z = y,,, which means c = z2 + 1. In
summary, we have shown that a = 1, b = 2, ¢ = xi +1l,z=1,y=a,and 2 =y, is a
solution for all n > 1, so we have found another infinite family of solutions.

A—-Part iv B—Parts iii,iv: The idea behind this problem is to show that in the special
case a = 2, finding integer solutions to the system of equations 2b— 1 = z2, 2c — 1 = 32, and
bc — 1 = 2% is the same as finding integer solutions to the single equation (2% +1)(y? + 1) =
(2z)% + 4. Many schools demonstrated half of the link, namely, if we have a solution to the
first set of equations then

(22 + 1)(y? + 1) = (2b)(2c) = 4(2* + 1) = (22)* + 4,

so x, y, and z are a solution to the second equation. We are actually interested in the
converse, which is almost as straightforward. So suppose that z, y, and z are integers
satisfying (x%2 + 1)(y? + 1) = (22)? + 4. Note that if z is even then 22 + 1 is odd, while if
r is odd then two divides 2% + 1 but four does not. (Work this out if it is not immediately
obvious to you.) Since the right hand side is a multiple of four we need x and y to both be
odd. in which case b = (z? + 1)/2 and ¢ = (y* + 1)/2 are both integers. It is then easy to
check that b, ¢, x, y, and z are integer solutions to the first system of equations. (Do it.)

We proceed to find some solutions to the second equation. The identity (z*+1)(y%+1) =
(ry + 1)2 + (x — y)? is a special case of the one given in the facts section, and in any case it
is easy to verify. We see that

(ey+ 12+ (x—y)? = (2®y* +2zy+ 1)+ (2° —2xy+¢°) = 2y* +2° +y* +1 = (2®+ 1) (P +1).

Therefore we want to find solutions to (zy + 1)2 + (z — y)? = (22)% + 4. Both sides look
suspiciously similar at this point, so we exploit this fact by choosing x—y = 2 and zy+1 = 2z.
This can be done if  and y are both odd with x two greater than y. One way to write our
solution is * = 2t + 1, y = 2t — 1, and z = 2t2, as you can check. This yields an infinite
number of solutions, one for each value of ¢, and from our work above we know that each of
these solutions leads to an integer solution of the original system of equations.

A-Part v B-Part v: Any of the above methods can be modified to solve the system of
equations in the last problem. In this solution we will outline how to get started; you should
carry out the details as practice if any of these methods is new to you.
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For starters, one could prove that a = Fy,, b = Fonyo, and ¢ = Fy,44 is a solution using
the formula from the facts section. Alternatively, one could define sequences y; = 1, y, = 3,
Un = AYn—1—Yn—2 and 21 = 1, 20 = 5, 2, = 42,1 — 2n—2 and then prove that 3y2 = 2242 and
3YnYn-1 = Znzn_1+4 by a double induction. Finish by finding an infinite number of solutions
when a = 1 and b = 3. Another technique is to let a = 1 and then show that the system
of equations b+ 1 = x?, ¢+ 1 = 2, and bc + 1 = 22 has integer solutions exactly when the
equation (z2—1)(y*—1) = 22—1 does. Using the identity (z2—1)(y?—1) = (zy—1)?>—(x—1y)?
allows one to find solutions x =t + 1, y = t, and 2 = t2 + ¢t — 1 which correspond to a = 1.
b =12+ 2t, and ¢ = t? — 1. Several schools also found a set of solutions more elementary
than any of those above by defininga=t—1,b=1%t+ 1, and ¢ = 4t. Good work!

<{} < O
Divisions A and B Round Three Team Test January 1995

The type of mathematics encountered on this team test is intriguing because it combines
both geometry and combinatorics. On the one hand, our arena is three dimensional Euclidean
space and our polyhedra are geometric objects. However, certain aspects of these polyhedra
are independent of their particular shape or size. For example, a solid polyhedron with 30
edges and 12 faces and no holes (as described in the essay accompanying this team test) must
have 20 vertices. We can see this immediately from Euler’s formula, which is combinatorial in
nature since it only involves the number of vertices, edges, and faces. Imagine how difficult it
would be to prove this fact by considering all the possible geometric configurations involving
30 edges and 12 faces! For this reason the proof below is as combinatorial as possible, which
makes it shorter and more precise. The solutions for the A division test are contained within
cases one and two, while the B division answers comprise cases two and three.

THEOREM: Given six points in space, no four of which are coplanar, it is possible to divide
the points into two sets of three points each such that the triangles formed by using each set
of points as vertices are linked.

PROOF: The convex hull of the six points contains either four, five, or six points since at
least four vertices are needed to create a solid. We will consider each of these cases in turn,
but first note that in every case the faces of the outer polyhedron are triangles, because a
face of the outer polyhedron is contained in a single plane. A face with four or more vertices
would imply that these four or more points were coplanar, contradicting the hypothesis in
the setup section.

Case 1: We begin by assuming that the convex hull consists of all six points, which
means the outer polyhedron has six vertices. For the outer polyhedron denote the number
of vertices by v, edges by e, and faces by f. If we count the number of edges around all the
faces we obtain 3f, since all faces are triangular. Each edge is included twice in this count,
since each edge is part of exactly two faces, thus e = 3f/2. We have v = 6, so by Euler's
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formula we find
3f
vif=e+2 = 6+f="+2 = [=8§,

and therefore e = 3f/2 = 12.

The strategy for the next segment of the proof is due to Naperville North B
High School. Let v4 denote the number of edges emanating from vertex A,
and similarly for vg through vp. First note that if v4 = 5 then A must be F D
connected to every other vertex of the outer polyhedron since there are only A
five remaining vertices. The same is true of vertices B and C. Consider two C E

adjacent edges emanating from A, such as AB and AD in the figure to the
right. These two are edges of a face of the polyhedron, which must be a triangle by part i.
Thus BD is the third edge. in particular BD is an edge of the polyhedron. Since D, E, and
F are three of the five vertices joined to A two of them must be adjacent, say D and E. But
then D is connected to F as well as to A, B, and C, contradicting the fact that vp = 3.
Clearly 3 < vyg < 5 since at least three edges must meet at A to form a solid angle; in
addition there are at most five other vertices to which A may be connected. The same is
true for the numbers vg through vg. We also observe that

va+vp+vc+Up+vE+up=2=24

because in summing all the edges coming into each vertex we count every edge exactly twice
(each edge has two endpoints) and our polyhedron contains 12 edges. If no vertex lies on 4
edges then each v; is either 3 or 5. Consequently the only way for the above sum to equal
24 is by writing 3+ 3+ 3+ 545+ 5 = 24, which cannot occur by the previous part. Hence
some vertex lies on 4 edges, say A. Without loss of generality A is connected to B, C, D,
and E. Since vp > 3 and F is not joined to A it must be connected to at least three of B.
C. D, and F; thus to either B and D or C' and F by the Pigeonhole Principle.

Now we will explicitly use the convexity of the outer polyhedron.
Specifically, if AF is not an edge of the polyhedron then it must lie in the
interior. Therefore the part of segment AF near A lies inside the solid
angle at A which is composed of the tips of the two tetrahedra ACEB
and ACED. The segment can’t lie along plane ACE or else the four
points A, C, E, and F would be coplanar; so it lies inside one of these
two tetrahedra, say ACED. Finally, AF must extend beyond the base
of this tetrahedron or else F' would be in the interior of the polyhedron. Therefore AF
intersects the interior of ACDE. We now claim that triangles ABF and CDE are linked.
We have just shown that AF intersects ACDE, and as AB and F'B are edges of the polyhe-
dron they cannot possibly intersect ACDE, so by definition we have found a pair of linked
triangles. The other possibility is that AF lies inside tetrahedron ACEB, in which case we
would find analogously that triangles ADF and CBE were linked.

Case 2: In this case the convex hull consists of five points, so the outer polyhedron has
five vertices with the sixth point in its interior. Denote the number of vertices by v, edges
by e, and faces by f. If we add together the number of edges around each face we obtain 3/,
since each face has three sides. Every edge is included twice in this count, since each edge is
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part of exactly two faces. Combining these observations yields e = 3f/2. We are given that
v = 5, so by Euler’s formula we can deduce

vif=e+2 = b+f="+2 = [=

It now follows that e = 3f/2 = 9.

Note that every vertex must be joined to at least three other vertices by edges of the
outer polyhedron in order to form a three dimensional solid angle. Of course, no vertex is
the endpoint of more than four edges since there are only four remaining vertices on the
outer polyhedron. If every vertex were the endpoint of four edges we would have a total of
20 endpoints, or 10 edges altogether. This contradicts the fact that e = 9, so at some vertex
only three edges meet.

We assume that A is the vertex at which only three edges meet, say edges AB, AC, and
AD. Therefore AFE is a segment between two vertices of the outer polyhedron which is not
an edge. Since the outer polyhedron is convex this segment must lie in the interior. We just
noted that every vertex is the endpoint of at least three edges, and since AE is not an edge
E must connect to all of B, C, and D.

We can now deduce the general configuration of the five vertices. There are three edges
ending at each of A and E. Since e = 9 there are three edges remaining, which must be
BC, BD, and C'D. Clearly A and E cannot both be on the same side of the plane through
ABCD, for if they were either AE would be an edge of the outer polyhedron or one of A
and E would be within the outer polyhedron, contradicting what we know. Therefore the
outer polyhedron must appear as pictured below. A

The part of segment AFE near A lies inside the solid angle at A which
is composed of the tips of the three tetrahedra ABCF, ABDF, and
ACDF. The segment can’t lie along one of the faces of these tetrahedra,
such as AACF; or else four points would be coplanar, in this case the B D
four points A, C', E, and F. Therefore it lies inside one of these three c (
tetrahedra, say ABDF. Finally, AF must extend beyond the base of
this tetrahedron or else E would be in the interior of the polyhedron. =
Therefore AE intersects the interior of ABDF. We now claim that triangles ACE and
BDF are linked. We have just shown that AF intersects ABDF, and as AC and CFE are
edges of the outer polyhedron they cannot possibly intersect ABDF'| so by definition we
have found a pair of linked triangles.

D Case 3: The techniques employed in this case are reminiscent of

those above, so we will streamline the argument. Since the convex hull

E contains only four points the outer polyhedron must be a tetrahedron.

c We will assume that points E and F are in the interior of the tetrahedron.
B  Imagine drawing segments FA, EB, EC, and FED which subdivide the

A outer tetrahedron into four smaller tetrahedra. As before, point F' cannot
lie on any of the faces of these tetrahedra since no four points are coplanar. Suppose that
F lies in the interior of ABCE. In the same manner as the previous problem we see that
DF must intersect the interiors of one of the triangles ABE, ACE, or BCFE; suppose it
intersects AACE. We claim that triangles ACE and BDF are linked. We have just seen
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that DF intersects AACE. Segment BD cannot intersect AACE since BD is an edge of
the outer tetrahedron, and segment BF' likewise cannot intersect AACE as BF lies in the
interior of ABCFE while AACE is a face of this tetrahedron.

Notice that the arguments above are perfectly general; no matter in which tetrahedron
F was located, or what face of that tetrahedron was intersected by the segment joining F
to the opposite vertex, the same arguments would produce a pair of linked triangles. Only
the letters would change.

Just for fun, here’s another mind-bender for the stalwart problem solvers taking our
competition. Clearly it is impossible to draw two nonintersecting loops on the surface of a
sphere which are linked. However, it is possible to do so on the surface of a doughnut. How?

] - (=

Divisions A and B Round Four Team Test March 1995

A—Parts i,ii,iii B—Parts i,ii,iii: The key to this type of com-
putation is to find a useful angle which subtends the given arc.
For example, ZABC subtends AC. Therefore, by the theorem
on inscribed angles, we conclude that mAC = 2msABC , which
we write simply as mAC = 2m«B. Similarly we conclude that
mAC" = 2m/ACC'. In order to write this in terms of msA,
m<sB, and msC' we note that

mzACC' = 90° — mZACT = 90° — msC,

so that mAC' = 2(90° — sm«C) = 180° — msC. Since mZA + msB + msC = 180°
we can also write mAC’ = m£ZA + m£B. Using exactly the same reasoning we find that
mCA =msB +msC and mCB' = mZA + m«C. (Check these as practice.)

There are many ways to go about finding the remaining arc measures. We find im-
mediately that mAC = 2msB and mAB = 2m<C since angle 2B subtends arc AC' and
analogously for the second equation. Hence,

mCC" = mAC — mAC' = 2msB — (mLA +msB) =msB — mZA.
In the same manner mAA’ = ms/B —mzC and mBB' = msA—mzC. We can now calculate
mA'C' = mCA —mCC

(msB 4+ msC) — (msB — msA)
= mszA+m«C.

There are several equivalent answers which may include a summand of 180° or 360°. These
can be simplified to the ones given above by using the fact that mzZA+mzB+m«sC = 180°.
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We can now use the above results to find the measures of other angles in the diagram.
Since «B'A'C’" intercepts arc B'C’ we discover that

msB'A'C = ImB'C' = 1((ms4B — msA) + (msA +msC)) = YmsB +msC),

where we broke arc B'C’ up into the smaller arcs CB’' and C'C’ which we had already
measured. One finds that msB’ = $(mzA + mzC) and msC’ = 3(m£A + m«B), a neat
symmetric result. As extra practice, try to obtain these last two equations for yourself.

We can again utilize our calculations from above to find m«D by recalling that the
measure of the angle formed by two secants meeting outside a circle is the difference of the
two intercepted arcs. In other words

msD = %((m/?@’ + mAA + mAB) — (mCB'))
— %(méA +msC+msB —msC 4+ 2msC — msA — msC)
= 2(msB+m«C).

A corresponding computation yields msE = 1(msA + msC) and msF = s(msZA+msB).
An alternative approach is to compute £D via triangle BC'D, since it is possible to calculate
angles £DCB and £DBC. Query: Do we arrive at the same expression?

A—Part iv B—Parts iv,v: Half of the work was completed in the previous section,
where we found that both of mzC" and mZF were equal to 3(m£A + m«B). We need only
show that the other pair of opposite angles in quadrilateral F'A’C'B’ are equal to conclude
that we have a parallelogram. Once again, those arc measures will do the job for us. Noting
that ZFA'C' = ZAA'C" we use the inscribed angle theorem to obtain

msFA'C = %(m/@ +mBB' +mCB' + mé’E”) = 2(msA + msB + 2msC).

In the same manner we find that mzFB'C’ = J(msA+msB+2m<C) after a little algebra,
so FA'C'B' is indeed a parallelogram. It can be shown that DB’A'C" and EA'B'C’ are also
parallelograms by using an argument analogous to the one just presented.

Up to this point we have been engaged in what is informally known as “angle chasing.”
Having pinpointed several parallelograms through chasing angles, we will now take advantage
of the fact that opposite pairs of sides of parallelograms are congruent. In particularly we
find that FB' = A’C’ and that DB’ = A’C’ from parallelograms FA'C'B’ and DB'A'C’
respectively. Thus DB’ = FB', so B’ is the midpoint of segment DF. (Who would have
guessed that we could have established a midpoint by chasing angles?) Similarly A" and C’
are the midpoints of EF and DE, demonstrating that AA’B'C’ is the medial triangle of
ADEF.

A—Part v: The solution to this problem relies on techniques developed on an earlier
team test involving cyclic quadrilaterals. Our strategy for showing that A, I, and D are
collinear will also be reminiscent of that test: we will prove that angle ZAID = 180°.

Consider quadrilateral DBIC. Angles zDCI and ZDBI are both right angles, and
therefore sum to 180°, which implies that DBIC is a cyclic quadrilateral. Consequently
/BID = £BCD, and we can compute m£BCD = 90° — %mLC as before. On the other
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hand, FAIB is a cyclic quadrilateral as well, which means that angles ZAIB and ZAFB
are supplementary, so that mzZAIB = 180° — msF = 180° — %(mZA + m«B). Therefore

mZAIB +msBID = 180° — 5(mZA + msB) 4+ 90° — imsC
= 270° — {(mzA+ msB 4+ mzC)
= 180°,

proving that A, I, and D are collinear.

The remainder of the problem follows quickly. By hypothesis IC is perpendicular to ED,
and since we have just shown that IC and FC are in fact the same line, we conclude that
FC is an altitude of ADEF. In the same manner DA and EB are also altitudes. Hence,
by definition, AABC is the orthic triangle of ADEF'. Finally, since I is the common point
to all the altitudes, I is the orthocenter of ADFEF| polishing off the last proposition.

<] - 9.2
Divisions A and B Round Five Team Test April 1995

A-Part i B-Part i: Here are the seven equations, along with all solutions in nonnegative
integers.

Equation Solutions
T+3y = 13| (1,4); (43); (7,2); (10,1); (13,0)

3x+5y = 11| (2,1)

Se+Ty = 9 |0

Tr+9y = 7 |(1,0)
9x+1ly = 5 |0
llz+13y = 3 |0
Bx+15y = 1 |0

The symbol @ stands for the empty set, meaning no solutions exist. There are a total of
seven solutions for k = 7, as predicted.
(14> 4+t 4+t°+ --) together longhand. A pattern appears after the first couple terms
which convinces us that the product will be

T+t+2+288 + 200+ 288 +3t5 + 3t + 33 + 4% + - - -

For example, the coefficient of ¢1* is 5 by continuing the pattern above. Since there were 5
solutions to the equation x + 3y = 13, the claim in part ii is true for k = 7.

However, there is another way of attacking the problem which gives some insight into why
these two numbers should be equal, and has the advantage of generalizing to complete part
iii as well. After a little tinkering it becomes intuitively clear that we get a t**~! term in the
product whenever a t* and t3% term are multiplied together with x + 3y = 2k — 1, so we're
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done. Now to just write this down in a coherent and rigorous manner... A useful strategy
when faced with such a dilemma is to establish a one-to-one correspondence between the
two sets being compared. We shall adopt this tactic in the proof as an illustration.

The coefficient of ¢2¢=! in the product (1+t+¢2+--)(1+t3+¢°+---) equals the number
of ways to choose a term from the first sum and a term from the second sum which multiply
to t2*~1 since the coefficients of all these terms are 1. We claim this number is the same as
the number of solutions in nonnegative integers to the equation z+ 3y = 2k — 1. For suppose
the product of t* and % is t2=1. Then t*t*° = t*+3 = {2~ which implies a + 3b = 2k — 1.
Thus (a,b) is a solution to our Diophantine equation. On the other hand, let (a,b) be a
solution of x + 3y = 2k — 1. Then clearly the terms ¢* and #3 multiply to t**=!. We have
succeeded in pairing each solution (a,b) with a pair of terms t* and t3® whose product is
=1, This is the desired one-to-one correspondence which proves our claim.

Using precisely the same reasoning we find that the coefficient of t?*~2 in the product
(143 +5 4. )(1 + >+ 1%+ - ) equals the number of solutions in nonnegative integers
to the equation 3x + 5y = 2k — 3. This is clearly the same as the coefficient of t**~! in the
product t3(1 4+ ¢ + % 4+ --)(1 + t5 + ¢ + ...}, since multiplying by t? just shifts all the
coefficients over two places. In the same way, the number of solutions to 5z + 7y = 2k — 5
equals the coefficient of t*~1 in the product t4(1 + >+ ¢19 + -- )1 +¢t" +t" + ---), and
so on. The reason we shift the positions of the coeflicients around with factors like 2 and
t* is to shift all the coefficients we are interested in onto t?*~!. Therefore when we add all
the terms of the generating function together, the total number of solutions will be exactly
the coefficient of ¢2*~1. Note that all the terms in the generating function beyond the k"
don't contribute to t>*~! because the power of ¢ in those terms is at least t**. To see these
arguments work out concretely, substitute 7 for k everywhere in the last two paragraphs.

A—Part iv B-Part iv: To begin we write the first two terms in closed form by summing
the convergent geometric series. We know that 14+t +¢*+1¢°+--- = 1. Replacing t by ¢’
or t° we also find that

!
1 —t5

T+ 4+t +¢° .. = and  1+t°+t0 4% 4. ..

1—¢3

Therefore the first term equals Wll—ts‘)’ which is what the given formula predicts for n = 1.
Using the above closed form expressions we can add the first two terms to obtain

1 t2 1= (1)
I-0(-F) (-0 -0) (-90-&)1-r)
14+¢2 -2 —1°

1-t)(1-=3)(1—t5)
(1+tH)(1 —t%)

(I —t)(1 —3)(1 — t3)
1+ 2

(1-t)(1-t5)

which matches the given formula for n = 2.
The general formula can be established by induction. The base case was just demon-
strated. Now suppose that the formula holds for the sum of the first n terms. Adding the
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(n + 1)* term gives us the sum of the first n + 1 terms. The resulting expression can be
simplified as follows

1 t2 . 2n—2 t2n
formula + (n + 1)* term = Rl +
(1 — t)(l — t2n+1) (1 _ t2n+1)(1 — t2n+3)
1+ 4+ +t27272)(1 — 213) 4 t27(1 — 1)
(1 =) — 2 H)(1 - ¢2n43)
(14124 o 412072 o g20) — (¢20F] 4 2043 oL pind])
(1 — t)(1 — g2rH1)(1 — 2n+3)

(1 . t2n+1)(] + t2 R t2n—2 + t2n)

(1 _ t)(l _ t2"+1)(1 _ t2n+3)
(I+82 4+t 4 12

A —6)(1 -3y

which is exactly what the formula predicts for the case n+1. Hence we are done by induction
on n.

Students at Vestavia Hills high school discovered another neat method for proving this
formula using a telescoping sum. Here is a hint: show that the n'" term can be written

1 1 1
t3—t (1 _t2n+1 - 1_t2n—1)'

A—-Part v B-Part v: Several schools demonstrated that the partial sums converged to
the quotient shown. This wasn’t intended to be part of the question, but the reason is not
a great mystery. As m — oo the numerator turns into the series 1 + t2 4+ t* + - -, which
equals 1= since it is a convergent geometric series. The (1 — ¢) in the denominator stays
put since it doesn’t involve n, and the term (1 — ¢?**!) tends to 1 since for |t| < 1 we know
that t2"*! — 0 as n — oo.

To find the coefficient of ¢'* we must expand the fraction into a product of infinite series:

1 1

—— —— =14t + P+ ) A+ ).
1—t 1—¢2

At this point one can multiply the series together and discover directly that the coefficient
of t'* is indeed 7. A clever way to conclude is to use the reasoning from part ii in reverse
by arguing that this coefficient is the number of solutions (with nonnegative integers) to the
equation x + 2y = 13. It is simple to list these solutions; they are (13,0), (11,1), ..., (1,6),
for a total of 7 solutions. In general the coefficient of %~! in the above product will be the
number of solutions (in nonnegative integers) to the equation x + 2y = 2k — 1. These are
(2k — 1,0), (2k —3,1), ..., (1,k — 1), for a total of k solutions, as surmised.

4
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